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Abstract 

Let I\ be a local field of characteristic p with perfect residue field fc. In this paper 
we find a set of representatives for the fc-isomorphism classes of totally ramified 
separable extensions L/I\ of degree p. This extends work of Klopsch, who 
found representatives for the fc-isomorphism classes of totally ramified Galois 
extensions L/K of degree p. 


1. Introduction and results 

Let AT be a local field with perfect residue field fc and let K s be a separable 
closure of K. The problem of enumerating finite subextensions L/K of K s /I\ 
has a long history (see for instance !)■ Alternatively, one might wish to enu¬ 
merate isomorphism classes of extensions. Say that the finite extensions L\/K 
and L 2 /K are K-isomorphic if there is a field isomorphism a : L\ —>• L 2 which 
induces the identity map on K. In this case the extensions L\/K and L 2 /K 
share the same field-theoretic and arithmetic data; for instance their degrees, 
automorphism groups, and ramification data must be the same. In the case 
where K is a finite extension of the p-adic field Q p , Monge [fj] computed the 
number of AT-isomorphism classes of extensions L/K of degree n, for arbitrary 
n > 1. 

One says that the finite extensions L\/K and L 2 /K are k-isomorphic if 
there is a field isomorphism a : L\ — > L 2 such that <?(K) = K and a induces 
the identity map on fc. Such an isomorphism is automatically continuous (see 
Lemma I3TD . If the extensions L\/K and L 2 /K are fc-isomorphic then they 
have the same field-theoretic and arithmetic properties. Let Autfc(A') denote 
the group of field automorphisms of K which induce the identity map on fc. 
Then Aut k(K) is finite if char(A') = 0, infinite if char(A') = p. Since every 
fc-isomorphism a from L\/K to L 2 /K induces an element of Autfc(A'), this 
suggests that fc-isomorphisms should be more plentiful when char(Af) = p. In 
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this paper we consider the problem of classifying fc-isomorphism classes of finite 
totally ramified extensions of a local field K of characteristic p. 

As one might expect, the tame case is straightforward: It is easily seen 
that if n £ N is relatively prime to p then there is a unique fc-isomorphism 
class of totally ramified extensions L/K of degree n. We will focus on ramified 
extensions of degree p, which are the simplest non-tame extensions. Since any 
two fc-isomorphic extensions have the same ramification data, it makes sense 
to classify fc-isomorphism classes of degree-p extensions with fixed ramification 
break b > 0. 

Let £b denote the set of all totally ramified subextensions of K s /K of degree 
p with ramification break b , and let Sb denote the set of fc-isomorphism classes 
of elements of £b■ Let S 9 denote the set of fc-isomorphism classes of Galois 
extensions in £{,, and let S£ 9 denote the set of fc-isomorphism classes of non- 
Galois extensions in £b . As we will see in Section [2j if b is the ramification 
break of an extension of degree p then (p—1)6 gN \ pN. Hence Sb is empty if 
^^•(NxpN). 

Theorem 1.1. Let b £ ^-j--(NxpN) and write b = with 1 < A < p—1. 

Let R = {tOi : i £ 1} be a set of coset representatives for fc x /(fc x For each 

Ui £ R let 7r, £ K s be a root of the polynomial X p — ojiTr’ffX > ' — ttk- Then the 
map which carries uii onto the fc-isomorphism class of K(iri)/K gives a bijection 
from R to Sb- Furthermore, K(-Ki)/K is Galois if and only if b £ N \ pN and 
A uu £ (fc x ) p - 1 . 

Corollary 1.2. Let b £ ^-j- • (N \pN) and assume that |fc| = q < oo. Then 

\S b \ =gcd(g-l,(p-1)6). 

Furthermore, if b £ N \ pN then 

l^ ff l = gcd (jz p & ) 

ISH = (p- 2) -gcd • 

Proof. This follows from Theorem 11.11 and the formulas 
|fc x /(fc x )^- 1 ) b |=gcd(g-l,(p-l)6), 

|(fc x ) p -7(/c x ) (p - 1)b | =gcd(tj,&) for 6eN\pN. 

□ 

The proof of Theorem ll.ll relies heavily on the work of Arnano, who showed in 
[I] that every degree-p extension of a local field of characteristic 0 is generated 
by a root of an Eisenstein polynomial with a special form, which we call an 
Amano polynomial (see Definition 12.41) . In Section [2] we show how Amano’s 
results can be adapted to the characteristic-p setting. In Section [3] we prove 
Theorem 11.11 bv computing the orbits of the action of Autfc(-A) on the set of 
Amano polynomials over K. 
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2. Amano polynomials in characteristic p 


Let F be a finite extension of the p-adic field Q p and let E/F be a totally 
ramified extension of degree p. In jlj, Amano constructs an Eisenstein polyno¬ 
mial g(X) over F with at most 3 terms such that E is generated over F by a 
root of g{X). In this section we reproduce a part of Anrano’s construction in 
characteristic p. We associate a family of 3-ternr Eisenstein polynomials to each 
ramified separable extension of L/K of degree p, but we don’t choose represen¬ 
tatives for these families. Many of the proofs from [lj remain valid in this new 
setting. 

Let K be a local field of characteristic p with perfect residue field k. Let 
K s be a separable closure of K and let vk be the valuation of K s normalized 
so that uk{K x ) = Z. Fix a prime element ttk for K ; since k is perfect we may 
identify K with k((nK))- Let XJk denote the group of units of K, and let U\,k 
denote the subgroup of 1-units. If u £ U\ t K and a £ Z p is a p-adic integer then 
u a is defined as a limit of positive integer powers of u. This applies in particular 
when a is a rational number whose denominator is not divisible by p. 

Let L/K be a finite totally ramified subextension of K s /K and let i 'l be 
the valuation of K s normalized so that vl(L x ) = Z. Let ttl be a prime element 
for L and let a : L —>■ K s be a K -embedding of L into K s , such that a ^ id^. 
We define the ramification number of er to be — ttl) — 1. It is easily 

seen that this definition does not depend on the choice of . We say that b is a 
(lower) ramification break of the extension L/K if b is the ramification number 
of some nonidentity A-embedding of L into K s . 

Suppose L/K is a separable totally ramified extension of degree p. Then 
Lemma 1 of jlj shows that L/K has a unique ramification break. Every prime 
element ttl of L is a root of an Eisenstein polynomial 

p -1 

f(X)=X*>~Y / CiX i 

2=0 


over K , with vk(c o) = 1 and vk{c/) > 1 for 1 < i < p — 1. Let tt' l ^ ttl be a 
conjugate of ttl in K s . Then the ramification break of L/K is given by 



Since L/K is separable, we have c* 7 ^ 0 for some i with 1 < i < p — 1. 
Therefore 

to = min{i/jf(ci),..., z'if (c p _i)} 

is finite. Let A be minimum such that vk(c\) = m and let ui £ k x satisfy 
c\ = con// (mod 7 r^ +1 ). We say that the Eisenstein polynomial f(X) is of 
type (A, to,w). Note that while ui depends on the choice of 7 tk, the positive 
integers to and A do not. If /(A) is of type (A ,m,uj) then by Lemma 1 of [lj 
the ramification break b oi L/K is given by 


, (to — l)p + A 

b = - 

P~ 1 


( 2 . 1 ) 
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Conversely, given b £ j- • (N \pN), equation (12.11) uniquely determines m and 
A, and we can easily construct Eisenstein polynomials of type (A, to, w) for every 
w £ k x . 

For Eisenstein polynomials f(X),g(X) £ K[X], write f(X) ~ g{X) if there 
is a K -isomorphism 


K[X]/{f{X)) £* K[X]/{g{X)). 

Then ~ is an equivalence relation on Eisenstein polynomials over K. 

Theorem 2.1. Suppose f(X),g(X) £ K[X] are Eisenstein polynomials of de¬ 
gree p such that f(X) ~ g{X). Then f(X) and g(X) are of the same type. 

Proof. The proof of Theorem 1 of [lj applies here, except that in characteristic 
p we don’t have to consider polynomials of type (0). □ 

Henceforth we say that an extension L/K has type (A, to,w) if L/K is 
Jv-isomorphic to K[X]/{f{X)) for some Eisenstein polynomial f(X) of type 

(A 

Theorem 2.2. Let L/K be an extension of type (A, to, uj). Then L/K is Galois 
if and only b = ~J > f +A is an integer and Aw £ (k x ) p ~ 1 . 

Proof. The proof of Theorem 3(ii) of |l| applies without change. □ 

Theorem 2.3. Suppose L/K is an extension of type (A,m,w). Then there 
exists a prime element ttl £ L which is a root of a polynomial 

Al u (X) = X p -cj7r%X x -UTr K 

for some u £ XJ\,k- 

Proof. The proof of Theorem 4 of jl[ applies here, except that we don’t have to 
consider extensions of type (0). Briefly, one defines a function cf>: L —>• K by 

(j)(a) = a p - unrffa n - N L/K {a), 

where N lik is the norm from L to K. Using an iterative procedure one gets a 
prime element 7r in L such that vl(4>{ 7t)) > p {A + 1) and N^/x( 7r ) = wkk for 
some u £ Ui t K- Let 7r(L,..., £ K s be the roots of A^ U (X). Then 

0W=<„W = f[( 7 r- 7r{O ), ^ 

i =1 

so we have 

v 

tt - 7T (l) ) = tt)) > p( A + 1). (2.3) 

2=1 

Hence — tt^P) > A + 1 for some j, so we get L C K(tt^P) by Krasner’s 
Lemma. Since [K(: K\ = [L : K] = p , it follows that L = K(n^). 
Therefore = 7r^ satisfies the conditions of the theorem. □ 
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Definition 2.4. We say that A f f U (X) is an Amano polynomial over K with 
ramification break b. 

Let b = ( m ~ 1 )p+ A with 1 < A < p — 1. We denote the set of Amano 
polynomials over K with ramification break b by 


3fi b = {X p - w7t£LY a - un K : u G k x , u G U UK }- 


Let denote the set of equivalence classes of £?b with respect to ~. For 

f(X) G we denote the equivalence class of f{X) by [f(X)). ft follows from 
Theorem 12.31 that these equivalence classes are in one-to-one correspondence 
with the elements of £b- 

3. The action of Autfc(AT) on extensions 

In this section we show how Autfc(AT) acts on the set of equivalence classes 
of Amano polynomials with ramification break b. We determine the orbits of 
this action, and give a representative for each orbit. This allows us to construct 
representatives for the elements of Sb , and leads to the proof of Theorem ll.il 

The following lemma is certainly well-known (see, for instance, the answers 
to Q), but we could find no reference for it. 

Lemma 3.1. Let L\ and L 2 be local fields. Assume that L\ and L 2 have 
the same residue field fc, and that k is a perfect field of characteristic p. Let 
er : L\ — > L 2 be a field isomorphism. Then vl 2 o a = vl x • 

Proof. The group U\j^ is n-divisible for all n prime to p , so we have ct(/7i i l 1 ) C 
Ul 2 . For i = 1,2 the group T\ of nonzero Teichmuller representatives of Li is 
equal to PEi(Af ) p \ so we have er(Ti) = T 2 . Since C/l* = Ti ■ Ul u 1 this implies 
C Ul 2 - The same reasoning shows that ct~ 1 (Ul 2 ) C Ul x , so we get 
a (^L 1 ) = Ul 2 . It follows that v L2 o a , like 177 , induces an isomorphism of 
Lf /Ul x onto Z. Let ttl x be a prime element of L\. Then 1 + 7 r l 1 G Ul x ,i, so 
vl 2 (ct(1 + 7177 )) = 0. Hence ^l 2 ( cr ( 7 r ii)) > 0- Since 7 / L 2 ( cr ( 7 r ii)) generates Z, it 
follows that v L2 (<j(ttl 1 )) = 1- We conclude that vl 2 o a = v Ll . □ 

For f(X) G K[X] and ip G Aut&(A') we let f v (X) denote the polynomial 
obtained by applying p to the coefficients of /(A). The following lemma is a 
straightforward “transport of structure” result: 

Lemma 3.2. Let /(A) and g{X) be Eisenstein polynomials with coefficients 
in K such that /(A) ~ <?(A), and let p G Autfc(A"). Then / V (A) ~ g v (X). 

Let srf = Autfc(A') denote the group of fc-automorphisms of K. Since all 
fc-automorphisms of K = fc(( 7 r^)) are continuous by Lemma |3.II every p G srf 
is determined by the value of p(i tk)- Furthermore, stf acts transitively on the 
set of prime elements of K. It follows that the group consisting of the power 
series 
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with the operation of substitution is isomorphic to the opposite group si° v of si. 
For every p £ si there are l v £ k x and v v £ U\^k such that p(j fr-) = 

Let 

JV = {cr £ si : cr(n K ) £ U\^k • ^t k } 

be the group of wild automorphisms of K. Then JY° V is isomorphic to the 
Nottingham Group over k (see 0)- Furthermore, jY is normal in si, and 
si fjV = k x . 

Let p £ si and let A^ U (X) £ £?\,. Then by Theorem l2.3l there exist u/ £ k x 
and v! £ Ui t K such that 

I<[X\/((Al u nX)) = K[X]/(Xr - p{om%)X x - <p{i t k u)) 
^K[X\/(A b u , tU ,(X)). 

It follows from Lemma 13.21 that 

v[Al, u (X)] = [Al <u ,(X)} (3.1) 

gives a well-defined action of si on ^h/~. The following theorem computes 

explicit values for ui and v! in m- Note that since k is perfect, l v has a 
1 

unique pth root If, in k. 

Theorem 3.3. Let p £ si and A b u>u (X) £ &> b . Then p-[A b uu (X)] = [A b u , u ,(X)], 

(p-l)b 

with u/ = u ■ lip p , v! = p(u) ■ v b , and h = p ~^Z\ m ■ 

Proof. By applying p to the coefficients of A b U (X) we get 

(A> t J*(X) = X? - cjl?v? tt%X x - p(u)l v v v 7r K . 

Set X = lfvf~ x Z. Then 

— pm (p —l)b 

«„H*) = Z P - c ol v p n%Z x - p(u)v b 7r K 
= Z p -uj'tt%Z x -u'tt k . 

1_ m 

Since IfvfZ 7 ' £ K , it follows that 

K[X]/(Al u nX)) ~ K[X}/(Al, y (X)). 

□ 

To determine the orbit of [A^ M (X)] under the action of si we need the 
following lemmas. Let Z* denote the unit group of the ring of p-adic integers. 

Lemma 3.4. Let u £ Ui t K, and h £ Z*. Then 

Ui.k = |cr(u) • ; a e • 
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Proof. Let v = ui £ U\ , f<. Then tt' k = vttk is a prime element of K. We have 


Ui.k = 


: er £ Jp 


'K 


A V7r K) 

t^K 


: er G 


= } a{u )$.±izl, a€ jr\. 

n K 


Since h G Z*, we have U[ l K = U\^k- Hence by raising to the power h. we obtain 


U\K = 




(JG^ 


□ 


Lemma 3.5. Let c G k x and define r c G sf by t c (ttk) = ckk- Let jY c = jYt c 
be the right coset of jY in sY represented by r c . Then for u G U\,k and h G Z* 
we have 

Ui^k = {p(u) -v b :<p£ JY C }. 

Proof. Let v! = t c {u) G Ui,k- Then 

W(u) ■ v’fp : ip G JY C } = {< tt c (u ) ■ V b : a £ jV} 

= {er(?/) ■ v b : a £ jY} 

= 

where the last equality follows from Lemma ITTTT1 □ 

Theorem 3.6. The orbit of [A^ U (X)] under sY is 

^ • [< u p0] = {[At e , v ( X )} ■■ 0 e « G C/r,^}. 

Proof. Let c £ k x and <p £ JP C . Then l v = c, so by Theorem 13.31 we have 

(p— 1 ) b , ^ ____ 

with <*/ = wc p , it 7 = <p(u)v b , and /i = p ~ p Z\ m ■ Hence by Lemma [3.51 we 
have 

jY c ■ [A b UtU (X)] = {[H w /^] : J = u)c Je ~^~, v £ U ltK }- 

Since sY is the union of JY C over all c G k x , and k is perfect, the theorem 
follows. □ 

We now give the proof of Theorem 11.11 Let R = {uii : i £ 1} be a set of 
coset representatives for k x /(fc x )^ p_1 i b . For each u>i £ R let 7q G K s be a root 
of the Amano polynomial 

A b UJil (X) = XP-UJ l 7T^X X -7T K . 
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It follows from Theorem 13.61 that for every equivalence class C £ <S b there is 
i £ I such that K(ni)/K £ C. On the other hand, if K{-Ki)/K is /c-isomorphic 
to K ( 7 tj )/K then by Theorem 13.31 for some p £ srf we have 

[<,1 {X)}=p,.[Al^{X)] = [Al iK {X)]. 

(p —l)b 

with = Wily p . It follows from Theorem 12.II that A b . Z (X) and A b , vh {X) 

(p-l)b _1 

have the same type, so we have uij = Wihp p . Since l£ £ k x , this implies that 
WjW ” 1 £ (fc x )( p_1 ) b . Since 07 and ujj are coset representatives for k x /(k x Y p ~ 1 ^ b , 
we get u>i = uij . This proves the first part of Theorem 11.11 The second part 
follows from Theorem 12.21 

Remark 3.7. In Q, Klopsch uses a different method to compute the cardinality 
of S Let L = k((Tri,)) be a local function field with residue field k , and 
set & = Autfc(L). Then there is a one-to-one correspondence between cyclic 
subgroups G < & of order p and subfields M = L G of L such that L/M is 
a cyclic totally ramified extension of degree p. For i = 1, 2 let Gi be a cyclic 
subgroup of & of order p and set K, = L Gi . Say the extensions L/K\ and L/K 2 
are fc*-isomorphic if there exists 77 £ JF = Autfc(L) such that r/(K 1 ) = Ki\ this 
is equivalent to r)~ l Gir) = G 2 . 

For i = 1,2 let "01 : K —>• L be a fc-linear field embedding such that 
tpi(K) = Ki. We can use ipi to identify K with Ki 1 which makes L an ex¬ 
tension of K. We easily see that the extensions : K L and ip 2 ■ K ^ L 
are k -isomorphic if and only if L/K\ and L/K 2 are fc*-isomorphic. Therefore 
classifying fc-isomorphism classes of degree-p Galois extensions of K is equivalent 
to classifying conjugacy classes of subgroups of order p in JG 

For * = 1, 2 let Gj = (70. If Gi and G 2 have ramification break b then 

71 (tl) = n L + r b+ i7r^ +1 (mod ir b L +2 ) 

72 (ttl) = t t l + s b+ i7r b+1 (mod 7T b+2 ) 

for some r b + 1 , s b +i £ k x . Hence for 1 < j < p — 1, we have 

7i(tl) = + jr b+ i7r^ +1 (mod 7r^ +2 ). 

By Proposition 3.3 of Q, and 72 are conjugate in J 5 " if and only if s b+ i = 
jr b +if b , for some t £ k x . Therefore the subgroups Gi and G 2 are conjugate in 
& if and only if s b+ i £ r b+ i -F x • ( k x ) b . It follows that the number of conjugacy 
classes of subgroups of order p with ramification break b is 

\k x /(W x ■ (fc x ) b )| = |(fc x ) p - 1 /(fc x )( p - 1 ) b |. 

In particular, if |fc| = q < 00 then there are gcd 
classes, in agreement with Corollarv ll.2l 


9-1 
P~ 1’ 


, b I such conjugacy 
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